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SEGRE FORMS AND KOBAYASHI–LU¨BKE INEQUALITY
SIMONE DIVERIO
Abstract. Starting from the description of Segre forms as direct images of
(powers of) the first Chern form of the (anti)tautological line bundle on the
projectivized bundle of a holomorphic hermitian vector bundle, we derive a
version of the pointwise Kobayashi–Lu¨bke inequality.
1. Introduction
Let E → X be a rank r holomorphic vector bundle over a compact complex
manifold X of dimension n, and let π : P (E) → X be the projectivized bundle of
lines of E. Next, let OE(−1) ⊂ π
∗E be the tautological line bundle on P (E) and
set u = c1(OE(1)) ∈ H
2(P (E),Z). Then, the cohomology algebra H•(P (E),Z)
can be identified with the algebra H•(X,Z)[u] with the unique relation
(1) ur + π∗c1(E) · u
r−1 + · · ·+ π∗cr(E) = 0.
It is well known that this can even be used in order to define the Chern classes
ck(E) ∈ H
2k(X,Z) of E. Let c•(E) = 1 + c1(E) + · · ·+ cr(E) ∈ H
•(X,Z) be the
total Chern class of E. This is an invertible element of the cohomology algebra of X
and its inverse is by definition the total Segre class s•(E) = 1+ s1(E)+ · · ·+ sn(E)
of E. One thus finds
s1(E) = −c1(E),
s2(E) = c1(E)
2 − c2(E),
s3(E) = −c1(E)
3 + 2 c1(E) · c2(E)− c3(E),
. . .
and so forth. It is not difficult to see, using (1), that one can recover Segre classes
directly from the projectivized bundle of E by a push-forward formula in cohomol-
ogy, namely sk(E) = π∗u
r−1+k.
Now, looking at these classes in the real cohomology algebra, the Chern–Weil
theory gives us a way to represent them as closed 2k-forms, for instance once the
holomorphic vector bundle E is endowed with a hermitian metric h: if DE,h is
the Chern connection of (E, h), and Θ(E, h) = D2E,h ∈ C
∞
1,1(X,End(E)) its cur-
vature, then the corresponding Chern forms ck(E, h) are computed using formally
the identity
det
(
Id+
it
2π
Θ(E, h)
)
=
r∑
k=0
ck(E, h) t
k,
so that, ck(E, h) = tr
(
Λk i2πΘ(E, h)
)
. Correspondingly, we can consider the Segre
forms sk(E, h) built up starting from the Chern forms, so that for instance
s1(E, h) = −c1(E, h), s2(E, h) = c1(E, h) ∧ c1(E, h)− c2(E, h), . . .
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and so on. These are, of course, special representatives of the Segre classes.
Once E is endowed with a hermitian metric, we can naturally equip OE(−1) ⊂
π∗E with a hermitian metric, which we still call h. Computing the corresponding
Chern curvature of OE(1) thus gives a special representative Ξ :=
i
2πΘ(OE(1), h
−1)
of u. Finally, since π : P (E) → X is a proper submersion, the direct image
π∗(Ξ
r−1+k) is a smooth closed 2k-form, which clearly represents sk(E) so that
a priori it differs from sk(E, h) by an exact form. The first remark is that this
exact form is indeed zero.
Proposition 1.1. For each k = 0, . . . , n, the equality
π∗(Ξ
r−1+k) = sk(E, h).
holds, where s0(E, h) is the function on X constantly equal to 1.
An analogous proposition has been firstly proven in [Mou04, Proposition 6].
The reader can also find this statement, for X a projective manifold, in [Gul12,
Proposition 3.1]. By the pointwise nature of its proof, Proposition 1.1 is indeed
valid for any complex manifold: we shall give our proof of this fact in the next
section.
The innocent-sounding proposition above has in fact a certain number of inter-
esting consequences. The first one we would like to mention, which has already
been observed in [Gul12], is the following.
Theorem (D. Guler [Gul12]). Let (E, h) be a Griffiths positive holomorphic her-
mitian vector bundle on a projective manifold X. Then, the signed Segre form
(−1)k sk(E, h) is a positive (k, k)-form for each k = 1, . . . , n.
For definitions and basic facts about Griffiths’ positivity and positivity of forms
we refer to the all-inclusive book [Dem]. This result should be put in perspective
with [FL83], where it is shown, among other things, that, given any ample vector
bundle E, each Schur polynomial in the Chern classes of E is positive whenever
integrated over any subvariety of the right dimension. Since signed Segre classes are
particular Schur polynomials in the Chern classes, the above theorem can be seen
as a partial pointwise metric counterpart of the above-mentioned result of Fulton
and Lazarsfeld.
The second consequence we want to consider is a pointwise inequality a` la
Kobayashi–Lu¨bke for Hermite–Einstein vector bundles. To this effect, let us fix
some notations. Let (E, h) → (X,ω) be Hermite–Einstein with respect to the
Ka¨hler metric ω. We recall that this means that there exists a real number λE,[ω]
(called the slope of E with respect to ω), which is a posteriori uniquely determined
by c1(E) and the cohomology class [ω] of ω, such that the following identity of
End(E)-valued (n, n)-forms holds everywhere on X :
i
2π
Θ(E, h) ∧
ωn−1
(n− 1)!
= λE,[ω]
ωn
n!
IdE .
To simplify notations, we shall suppress the subscript [ω] in λE,[ω], whenever the
Ka¨hler class has been fixed once and for all. Taking the trace of both sides with
respect to End(E), one gets
(2) c1(E, h) ∧ ω
n−1 = λE
r
n
ωn.
By integrating over X , this proves the above assertion about the dependance of λE
only upon c1(E) and [ω] and shows the correlation between λE and the slope µE
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in the setting of stable vector bundles:
λE =
n∫
X
ωn
∫
X c1(E, h) ∧ ω
n−1
r︸ ︷︷ ︸
=degω E/ rkE=:µE
.
Next, recall that the classical Kobayashi–Lu¨bke inequality states:
Theorem (Kobayashi–Lu¨bke inequality). If E admits a Hermite–Einstein metric
h with respect to ω, then(
(r − 1) c1(E, h)
2 − 2r c2(E, h)
)
∧ ωn−2 ≤ 0
at every point of X. Moreover, the equality holds if and only if
i
2π
Θ(E, h) =
1
r
c1(E, h)⊗ IdE ,
that is, if and only if E is projectively flat.
Here comes our inequality, which is —as we shall see— a different incarnation
of the classical Kobayashi–Lu¨bke inequality, involving an extra term of the form
c1(E, h) ∧ ω
n−1.
Theorem 1.2. If E admits a Hermite–Einstein metric h with respect to ω, then
(3) s2(E, h) ∧ ω
n−2 ≤ λE
r + 1
2n
c1(E, h) ∧ ω
n−1
at every point of X. Moreover, the equality holds if and only if
i
2π
Θ(E, h) =
λE
n
ω ⊗ IdE ,
so that in particular E is projectively flat and
c1(E, h) = λE
r
n
ω.
Remark 1.3. Observe that in the case of equality one obtains in particular that the
first Chern class of E is a (real) multiple of a Ka¨hler class. Thus, if λE is different
from zero, i.e. if c1(E) · [ω]
n−1 6= 0, then either detE or detE∗ is a positive
line bundle and therefore X is projective. In particular, over a non projective
compact Ka¨hler manifold the inequality (3) is always strict somewhere, provided
c1(E) · [ω]
n−1 6= 0. Therefore, in this case, by integrating (3) over X , one always
has a strict cohomological inequality
s2(E) · [ω]
n−2 < λE
r + 1
2n
c1(E) · [ω]
n−1.
Perhaps the main contribution of this note is to have given a new proof of
the Kobayashi–Lu¨bke inequality, very different in spirit from those already in the
literature. Our proof seems to us very natural and might, as well, hint some new
insights.
Observe that, thanks to (2), we may restate the inequality (3) in the equivalent
form
(4) s2(E, h) ∧ ω
n−2 ≤ λ2E
r(r + 1)
2n2
ωn.
In order to recover the classical Kobayashi–Lu¨bke inequality from Theorem 1.2,
given (E, h) → (X,ω) Hermite–Einstein, it suffices to do the following standard
trick: plug in (3) the first two Chern forms of the Hermite–Einstein vector bundle
(E∗ ⊗ E, h¯−1 ⊗ h) which are given by
c1(E
∗ ⊗ E, h¯−1 ⊗ h) = 0, c2(E
∗ ⊗ E, h¯−1 ⊗ h) = 2r c2(E, h)− (r − 1) c1(E, h)
2.
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As pointed out to us by an anonymous referee, it is also equally possible to derive
formally (4) from the classical Kobayashi–Lu¨bke inequality (see the end of Section
3 for the details).
Integrating over X the inequality (4) and taking into account the Kobayashi–
Hitchin correspondence, one gets the following statement of a somewhat more al-
gebraic flavor.
Corollary 1.4. Let E → X be a holomorphic vector bundle over a compact Ka¨hler
manifold X. Suppose that E is (poly)stable with slope µE with respect some Ka¨hler
class [ω]. Then, the following inequality holds in cohomology:(
c1(E)
2 − c2(E)
)
· [ω]n−2 ≤ µ2E
r(r + 1)
2[ω]n
.
If X is moreover projective algebraic and [ω] = c1(A) is taken to be the first
Chern class of an ample line bundle A → X , then the same conclusion can be
shown to hold, more generally, if E is only supposed to be semi–stable with respect
to [ω]. Indeed, thanks to the classical work of Donaldson [Don85] (see also [Kob87,
Theorem (VI.10.13)]), in this case E admits approximate Hermite–Einstein metrics
and we thus get some error term in (4) which disappears integrating and passing
to the limit, exactly as in [Kob87, Theorem (IV.5.7)].
Acknowledgments. Firstly, we would like to friendly thank F. Campana who en-
couraged us to write down this note some time ago. We are also indebted with S.
Boucksom, J. Cao, P. Dingoyan, P. Gauduchon, E. Mistretta, and R. A. Wentworth
for extremely valuable discussions and suggestions. Finally, we thank B. Claudon
and A. Ho¨ring for pointing out to us respectively the references [Gul12] and [Miy91].
Last but not least, we thank a first anonymous referee who suggested us how to for-
mally derive inequality (4) from Kobayashi–Lu¨bke and a second anonymous referee
for several useful comments and suggestions.
2. Segre forms as direct images
Let (E, h)→ X be a rank r holomorphic hermitian vector bundle on a complex
manifold X of dimension n. Let DE,h be the Chern connection of (E, h), and
Θ(E, h) = D2E,h ∈ C
∞
1,1(X,End(E)) its curvature. Let π : P (E) → X be the
projectivized bundle of lines of E, and OE(−1) the tautological line bundle on
P (E). The metric h on E naturally induces a metric on OE(−1), being OE(−1) a
subbundle of π∗E.
Given a point x0 ∈ X , we shall compute its Chern curvature at an arbitrary
point (x0, [v0]) ∈ P (E) in the fiber over x0. To do so, let us fix local holomorphic
coordinates (z1, . . . , zn) on X centered at x0 and a local normal frame (e1, . . . , er)
for E at x0, such that er(x0) = v0/||v0||h. These choices give us local holomor-
phic coordinates (z1, . . . , zn, ξ1, . . . , ξr−1) on P (E) centered at (x0, [v0]). A local
holomorphic nonvanishing section for OE(−1) is thus given by
(z, ξ) 7→ η(z, ξ) = er(z) +
r−1∑
λ=1
ξλ eλ(z),
and the Chern curvature of OE(−1) at the point (x0, [v0]) is computed by(
−∂∂¯ log ||η||2h
)
|(0,0).
Now, since (eλ) is a local normal frame, by definition we have
〈eλ(z), eµ(z)〉h = δλµ −
n∑
j,k=1
cjkλµzj z¯k +O(|z|
3),
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where
Θx0(E, h) =
r∑
λ,µ=1
n∑
j,k=1
cjkλµ dzj ∧ dz¯k ⊗ e
∗
λ ⊗ eµ
=
r∑
λ,µ=1
Θµλ ⊗ e
∗
λ ⊗ eµ
is the Chern curvature of (E, h) at x0. Here, we evidently have set
Θµλ =
n∑
j,k=1
cjkλµ dzj ∧ dz¯k.
Therefore,
||η||2h = 1 + |ξ|
2 −
n∑
j,k=1
cjkrrzj z¯k +O((|z|+ |ξ|)
3),
and the Chern curvature we wanted to compute is given by
(5) Θ(x0,[v0])(OE(−1), h) = −
r∑
λ=1
dξλ ∧ dξ¯λ +
n∑
j,k=1
cjkrr dzj ∧ dz¯k.
Next, we rewrite this formula in more intrinsic terms. For this, we shall exhibit a
natural (smooth) decomposition of TP (E) in vertical and horizontal distributions,
which depend on the hermitian structure of E. First of all observe that, tautologi-
cally, the restriction of i2πΘ(OE(−1), h) to any fiber π
−1(x) ≃ P (Ex), x ∈ X , gives
minus the Fubini–Study metric ωFSP (Ex),h|Ex
of P (Ex), with respect to the metric
h|Ex . In particular, the hermitian form on the holomorphic tangent space TP (E)
associated to i2πΘ(OE(−1), h) is negative definite on the relative tangent bundle
TP (E)/X := ker dπ ⊂ TP (E). Thus, the orthogonal complement T
⊥
P (E)/X to TP (E)/X
with respect to i2πΘ(OE(−1), h) gives rise to a smooth distribution of complex
dimension n such that
TP (E) ≃C∞ TP (E)/X ⊕ T
⊥
P (E)/X ,
and dπ|T⊥
P (E)/X
: T⊥P (E)/X → TX is a smooth linear isomorphism at every point of
P (E).
Using this decomposition of TP (E) into vertical and horizontal distributions, we
see that the second term in (5) only acts on horizontal vectors and can be therefore
identified (via dπ) with the (1, 1)-form on TX,x0 given by
1
||v0||2h
〈
Θx0(E, h) · v0, v0
〉
h
.
Set
Ξ :=
i
2π
Θ(OE(1), h
−1).
Summing up, Ξ is the real (1, 1)-form representing c1(OE(1)) that can be rewritten,
using the decomposition above, as
P (E) ∋ (x, [v]) 7→ Ξ(x, [v]) = ωFSP (Ex),h|Ex ([v])− ϑ
E
h (x, [v]),
where we have set
ϑEh (x, [v]) :=
i
2π
〈
Θx(E, h) · v, v
〉
h
||v||2h
.
Proposition 2.1. For any integer 0 ≤ k ≤ n, the direct image π∗Ξ
r−1+k equals
the k-th Segre form sk(E, h) of (E, h).
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As mentioned in the introduction, by the pointwise nature of this statement,
no hypotheses of algebricity (or ka¨hlerness) nor of compactness of X are indeed
needed.
Proof. This is a pointwise computation. We have to show that, for an arbitrary
x0 ∈ X , the (k, k)-form given by the integration of Ξ
r−1+k over the fiber P (Ex0)
coincides with sk(E, h) at x0, in some suitable local coordinates.
For this, let us keep notations as above and compute
(6)
Ξr−1+k(x0, [v]) =
r−1+k∑
i=0
(
r − 1 + k
i
)
(−1)i
(
ϑEh (x0, [v])
)i
∧
(
ωFSP (Ex0),h|Ex0
([v])
)r−1+k−i
.
For obvious degree reasons, among all terms in (6), the only one which survives
once an integration over the fibers is performed is of course the one corresponding
to i = k. We are therefore led to consider the integral∫
P (Ex0)
Ξr−1+k
= (−1)k
(
r − 1 + k
k
)∫
P (Ex0)
(
ϑEh (x0, [v])
)k
∧
(
ωFSP (Ex0),h|Ex0
([v])
)r−1
= (−1)k(r − 1)!
(
r − 1 + k
k
)
×
×
∫
P (Ex0 )
(
i
2π
〈
Θx0(E, h) · v, v
〉
h
||v||2h
)k
dVolFSP (Ex0),h|Ex0
([v])
= (−1)k(r − 1)!
(
r − 1 + k
k
)
×
×
∫
P (Ex0)
(
i
2π
∑r
λ,µ=1Θµλvλv¯µ
||v||2h
)k
dVolFSP (Ex0),h|Ex0
([v]).
Here, dVolFSP (Ex0),h|Ex0
is the Fubini–Study volume element on P (Ex0) and the
vλ’s, λ = 1, . . . , r, are the coordinates of v ∈ Ex0 with respect to the basis
(e1(x0), . . . , er(x0)). The (1, 1)-forms Θµλ can be of course considered as constants,
since the point x0 is kept fixed.
Now, given a finite dimensional hermitian vector space V , its projectivization
p : V \{0} → P (V ), call U(V ) the unit sphere of V , and dVolFS and dσ respectively
the Fubini–Study volume element on P (V ) and the Lebesgue measure on U(V )
induced by the hermitian structure of V . The volume of U(V ) with respect to dσ is
thus given by 2πdimV /(dimV −1)!. Then, given an integrable function f : P (V )→
C, it is well-known (see for instance [Chi89, Lemma 1, Section 13.4, Chapter 3])
that the following equality holds:∫
P (V )
f dVolFS =
1
2πdimV
∫
U(V )
(f ◦ p) dσ =
1
(dimV − 1)!
−
∫
U(V )
(f ◦ p) dσ,
where −
∫
stands for the average integral. Therefore, what remains to show is that
(−1)k
(
r − 1 + k
k
)
−
∫
U(Ex0)
(
i
2π
r∑
λ,µ=1
Θµλvλv¯µ
)k
dσ(v) = sk(E, h)(x0).
This will be achieved in the subsection below and the proposition is proved. 
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2.1. An elementary lemma. Let V be a complex vector space of complex di-
mension r and 〈·, ·〉 a hermitian inner product on V . Next, given a positive integer
k, consider on the space H of self-adjoint linear operators on V the following ho-
mogeneous function of degree k:
φk : H → R
T 7→ −
∫
S2r−1
〈T (v), v〉k dσ(v) :=
(r − 1)!
2πr
∫
S2r−1
〈T (v), v〉k dσ(v).
Here, S2r−1 is the unitary sphere with respect to the fixed hermitian inner product,
dσ is the Lebesgue measure, and 2πr/(r − 1)! the corresponding volume of the
sphere.
Let us compute what this function gives, in terms of the eigenvalues of T ∈ H.
So, fix a unitary basis {e1, . . . , er} of V which diagonalizes T . Suppose the matrix
Θ of T relative to this basis be given by Θ = diag(λ1, . . . , λr). With this choices,
we have
φk(T ) =
r∑
j1,...,jk=1
λj1 · · ·λjk−
∫
S2r−1
|zj1 |
2 · · · |zjk |
2 dσ(z),
where the zj’s are coordinates with respect to the {ej} basis. For j1, . . . , jk =
1, . . . , r, let us call
I(j1, . . . , jk) := −
∫
S2r−1
|zj1 |
2 · · · |zjk |
2 dσ(z).
Lemma 2.2. We have
I(j1, . . . , jk) =
m1! · · ·mr!(r − 1)!
(r − 1 + k)!
,
where mℓ, ℓ = 1, . . . r, is the number of times that ℓ appears among j1, . . . , jk.
Proof. Consider the integral
∫
Cr
e−|z|
2
|zj1 |
2 · · · |zjk |
2 dz.
From the one hand, passing to polar coordinates, we have
∫
Cr
e−|z|
2
|zj1 |
2 · · · |zjk |
2 dz =
∫
Cr
e−|z|
2
|z|2k
|zj1 |
2 · · · |zjk |
2
|z|2k
dz
=
2πr
(r − 1)!
I(j1, . . . , jk)
∫ +∞
0
e−ρ
2
ρ2k+2r−1 dρ
=
2πr
(r − 1)!
I(j1, . . . , jk)
Γ(r + k)
2
=
πr(r − 1 + k)!
(r − 1)!
I(j1, . . . , jk),
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where Γ is the Euler’s gamma function. On the other hand, by separating the
variables and then passing to polar coordinates, we obtain∫
Cr
e−|z|
2
|zj1 |
2 · · · |zjk |
2 dz =
∫
Cr
e−|z|
2
|z1|
2m1 · · · |zr|
2mr dz
=
r∏
j=1
∫
C
e−|zj|
2
|zj|
2mj dzj
=
r∏
j=1
2π
∫ +∞
0
e−ρ
2
ρ2mj+1 dρ
= (2π)r
r∏
j=1
Γ(mj + 1)
2
= πrm1! · · ·mr!.
Putting these together, we obtain the desired result. 
Now, this lemma tells us that, for T ∈ H, we have
φk(T ) =
r∑
j1,...,jk=1
m1! · · ·mr!(r − 1)!
(r − 1 + k)!
λj1 · · ·λjk
=
k!(r − 1)!
(r − 1 + k)!
r∑
j1,...,jk=1
m1! · · ·mr!
k!
λj1 · · ·λjk
=
1(
r−1+k
k
) σk(λ1, . . . , λr),
where σk is the complete homogeneous symmetric polynomial of degree k in r
variables. Thus, it has a unique expression in terms of the elementary symmetric
polynomials γj ’s in the eigenvalues of T , which are nothing but the traces of the
exterior powers of T . This can be explicitly obtained by the well-known relation
m∑
j=0
(−1)jσj(λ1, . . . , λr) · γm−j(λ1, . . . , λr) = 0,
which is valid for all integer m > 0. Here are the first few as an example:
φ1(T ) = −
1
r
tr(T ),
φ2(T ) =
2
r(r + 1)
(
(tr(T )2 − tr(Λ2T )
)
,
φ3(T ) = −
6
r(r + 1)(r + 2)
(
(tr(T )3 − 2 tr(T ) tr(Λ2T ) + tr(Λ3T )
)
,
. . .
Thus, if we formally compute φk
(
i
2πΘx0(E, h)
)
, where Θ is the Chern curvature of
a holomorphic hermitian vector bundle (E, h) → X at a given point x0 ∈ X , we
exactly obtain
φk
(
i
2π
Θx0(E, h)
)
=
(−1)k(
r−1+k
k
) sk(E, h)(x0).
3. A Kobayashi–Lu¨bke type inequality
Let (E, h) → (X,ω) be a holomorphic hermitian rank r vector bundle on a
Ka¨hler n-dimensional compact manifold, with Ka¨hler metric ω and suppose that
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(E, h) is Hermite–Einstein with respect to ω. Then, there exists a real number λE ,
such that
(7)
i
2π
Θ(E, h) ∧
ωn−1
(n− 1)!
= λE
ωn
n!
⊗ IdE .
Now, we shall explain how to describe the Hermite–Einstein property of Θ(E, h)
in terms of the curvature of (OE(1), h
−1). Keeping notations as in the preceding
section, we have the following proposition.
Proposition 3.1. The hermitian vector bundle (E, h)→ (X,ω) is Hermite–Einstein
if and only if the following identity holds:
(8)
Ξr
r!
∧
π∗ωn−1
(n− 1)!
= −λE
Ξr−1
(r − 1)!
∧
π∗ωn
n!
.
Proof. For the reader convenience, let us denote by ωFSx the Fubini–Study metric
ωFSP (Ex),h|Ex
over P (Ex) with respect to h|Ex . Fix a point (x, [v]) ∈ P (E) and
consider the following quantity, computed at (x, [v]):
Ξr
r!
∧
π∗ωn−1
(n− 1)!
=
1
r!(n− 1)!
r∑
ℓ=0
(
r
ℓ
)
(−1)ℓ
(
ωFSx ([v])
)r−ℓ
∧
(
ϑEh (x, [v])
)ℓ
∧ π∗ωn−1.
For degree reasons, only one term survives, namely
Ξr
r!
∧
π∗ωn−1
(n− 1)!
= −
(
ωFSx ([v])
)r−1
(r − 1)!
∧ ϑEh (x, [v]) ∧
π∗ωn−1
(n− 1)!
.
Now, on the one hand
ϑEh (x, [v]) ∧
π∗ωn−1
(n− 1)!
=
i
2π
〈
Θx(E, h) · v, v
〉
h
||v||2h
∧
π∗ωn−1
(n− 1)!
=
i
2π
〈
Θx(E, h) ∧
ωn−1
(n−1)! · v, v
〉
h
||v||2h
=
〈
TE,h,ω(x) · v, v
〉
h
||v||2h
π∗ωn
n!
,
where TE,h,ω is a hermitian endomorphism of (E, h) often called the mean curvature
of (E, h) with respect to ω (observe that by its very definition, TE,h,ω ≡ λE IdE if
and only if (E, h) is Hermite–Einstein with respect to ω). On the other hand, as it
is straightforwardly seen again by degree reasons,
Ξr−1
(r − 1)!
∧
π∗ωn
n!
=
(
ωFSx ([v])
)r−1
(r − 1)!
∧
π∗ωn
n!
.
Finally, since
〈
TE,h,ω(x) · v, v
〉
h
equals λE ||v||
2
h for all v ∈ TX,x if and only if
TE,h,ω(x) = λE IdE , putting all this together, we obtain (8). 
Remark 3.2. If (E, h) is not necessarily Hermite–Einstein, then identity (8) reads
Ξr
r!
∧
π∗ωn−1
(n− 1)!
= −γ1(ϑ
E
h (x, [v])/ω)
Ξr−1
(r − 1)!
∧
π∗ωn
n!
,
where we define γk(ϑ
E
h (x, [v])/ω), k = 1, . . . , n, to be the k-th symmetric polynomial
in the eigenvalues of the real (1, 1)-form ϑEh (x, [v]) with respect to ω.
More generally, the same kind of computations leads, for each k = 1, . . . , n, to
the following identity of top degree forms on P (E).
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Proposition 3.3. Let (E, h) → (X,ω) be a holomorphic hermitian vector bundle
of rank r over a n-dimensional hermitian manifold. Then, on P (E), we have
(9)
Ξr−1+k
(r − 1 + k)!
∧
π∗ωn−k
(n− k)!
= (−1)kγk(ϑ
E
h (x, [v])/ω)
Ξr−1
(r − 1)!
∧
π∗ωn
n!
.
Proof. The proof goes exactly as for Proposition 3.1, with only one supplementary
standard remark: for α a real (1, 1)-form, one has
αk
k!
∧
ωn−k
(n− k)!
= γk(α/ω)
ωn
n!
.

We are now in a good shape to prove Theorem 1.2.
Proof of Theorem 1.2. We begin with the following elementary lemma.
Lemma 3.4. Let γ1, γ2 : R
n → R be respectively the first and second elementary
symmetric polynomial function in n variables. Then, γ2 has an absolute maximum
at the point (C/n, . . . , C/n), if it is subject to the constraint γ1 ≡ C.
Proof. Parametrize the affine hyperplane γ1 ≡ C by the first n−1 variables. Then,
a straightforward computation gives
γ2
(
x1 + C/n, . . . , xn−1 + C/n,C −
n−1∑
i=1
(xi + C/n)
)
− γ2(C/n, . . . , C/n)
= −
n−1∑
i=1
x2i −
∑
1≤i<j≤n−1
xixj
= −
1
2
(
n−1∑
i=1
xi
)2
−
1
2
n−1∑
i=1
x2i ≤ 0,
and equality holds if and only if xi = 0 for all i = 1, . . . , n. The absolute maximum
is then
γ2(C/n, . . . , C/n) =
(
n
2
)
C2
n2
.

Now, consider the quantity
Ξr+1
(r + 1)!
∧
π∗ωn−2
(n− 2)!
= γ2(ϑ
E
h (x, [v])/ω)
Ξr−1
(r − 1)!
∧
π∗ωn
n!
.
Since (E, h) is Hermite–Einstein, we have γ1(ϑ
E
h (x, [v])/ω) ≡ λE , so that
γ2(ϑ
E
h (x, [v])/ω) ≤
(
n
2
)
λ2E
n2
=
n− 1
2n
λ2E .
Therefore
(10)
Ξr+1
(r + 1)!
∧
π∗ωn−2
(n− 2)!
≤
n− 1
2n
λ2E
Ξr−1
(r − 1)!
∧
π∗ωn
n!
,
and equality holds if and only if the eigenvalues of ϑEh (x, [v]) with respect to ω are
all equal to λE/n, that is
ϑEh (x, [v]) =
λE
n
ω.
This means that, for all x ∈ X and v ∈ Ex \ {0}, we have
i
2π
〈
Θx(E, h) · v, v
〉
h
= ||v||2h
λE
n
ω,
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or, in other words,〈(
i
2π
Θx(E, h)−
λE
n
ω ⊗ IdE
)
· v, v
〉
h
= 0,
that is
i
2π
Θ(E, h) =
λE
n
ω ⊗ IdE .
To conclude, we just need to take the push forward of both sides of (10) and use
Proposition 1.1, to obtain
s2(E, h)
(r + 1)!
∧
ωn−2
(n− 2)!
≤
n− 1
2n
λ2E
(r − 1)!
ωn
n!
,
which is precisely (4). 
To finish with, let us know briefly explain how to formally derive (4) from the
classical Kobayashi–Lu¨bke inequality. Same notations and hypotheses as in the
statement of Theorem 1.2, we have
c1(E, h)
2 ∧ ωn−2 − c2(E, h) ∧ ω
n−2 =
1
2r
(
(r + 1) c1(E, h)
2
+ (r − 1) c1(E, h)
2 − 2r c2(E, h)
)
∧ ωn−2
≤
r + 1
2r
c1(E, h)
2 ∧ ωn−2,
the last inequality being exactly the content of the Kobayashi–Lu¨bke inequality
(and so with equality if and only if E is projectively flat). Now, by the primitive
decomposition formula, we write
c1(E, h) = η + f ω,
where η is a real ω-primitive (1, 1)-form, i.e. Λωη ≡ 0, so that η ∧ ω
n−1 ≡ 0, and
f is a smooth real function on X . Next, from (2), we obtain that f is constantly
equal to rnλE . Then,
r + 1
2r
c1(E, h)
2 ∧ ωn−2 =
r + 1
2r
(
η2 ∧ ωn−2 + λ2E
r2
n2
ωn
)
=
r(r + 1)
2n2
λ2E ω
n +
r + 1
2r
η2 ∧ ωn−2.
It remains to show that η2∧ωn−2 ≤ 0, with equality if and only if c1(E, h) = λE
r
n ω.
For this, let
η = i
n∑
j=1
αj dzj ∧ dz¯j
be a diagonalization of η with respect to ω. Then, Λωη = 0 reads
∑
j αj = 0 and,
as in the proof of Proposition 3.3, we get
η2 ∧ ωn−2 =
2!(n− 2)!
n!
∑
j<k
αjαk ω
n.
The conclusion follows once again using Lemma 3.4.
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4. Final remarks
Let us finish this note with a few remarks, also in order to underline some of the
virtues and shortcomings of the methods presented here.
Remark 4.1. The equality case in (3) gives the projective flatness type condition
i
2π
Θ(E, h) =
λE
n
ω ⊗ IdE .
This easily seen to be actually stronger than the usual projective flatness. Just
take any line bundle L→ X : of course, as every holomorphic line bundle, L admits
a Hermite–Einstein metric h with respect to any ω and moreover L is trivially
projectively flat, but c1(L, h) cannot equal
λL
n ω, unless we had already chosen ω
to be nλL c1(L, h) (in particular iΘ(L, h) should have a sign, or be zero). On the
other hand, if (E, h)→ (X,ω) is Hermite–Einstein and projectively flat, then from
the classical Kobayashi–Lu¨bke inequality we get
c2(E, h) ∧ ω
n−2 =
r − 1
2r
c1(E, h)
2 ∧ ωn−2.
Now, if we plug the above equality in (3) we obtain
c1(E, h)
2 ∧ ωn−2 ≤ λE
r
n
c1(E, h) ∧ ω
n−1 =
(
λE
r
n
)2
ωn.
This last inequality thus can be thought to somehow measure how far 1r c1(E, h) is
from being λEn ω.
Remark 4.2. If (E, h) → (X,ω) is Hermite–Einstein with slope λE,[ω], then it is
also Hermite–Einstein with respect to tω for any positive real number t and
λE,[tω] =
1
t
λE,[ω].
Thus, for the sake of simplicity, we can normalize ω and suppose that it has total
mass
∫
X ω
dimX = 1. Suppose (X,ω) is a smooth compact Ka¨hler surface. In this
situation, the classical (integrated) Kobayashi–Lu¨bke inequality reads
c1(E)
2 ≤
2r
r − 1
c2(E),
whilst inequality (4) becomes
c1(E)
2 ≤ c2(E) + λ
2
E
r(r + 1)
8
.
If c1(E)
2 ≤ 0 and c2(E) ≥ 0, then the two inequalities don’t give any further
information. On the other hand, if both c1(E)
2 and c2(E) have the same sign, then
the latter is stronger than the former whenever
c2(E) + λ
2
E
r(r + 1)
8
<
2r
r − 1
c2(E),
that is, as soon as
(11) c2(E) >
r − 1
2r
(
c1(E) · [ω]
)2
.
Thus, when both Chern numbers positive, inequality (11) provides a non trivial
condition which ensures that the Kobayashi–Lu¨bke inequality in its classical incar-
nation is actually weaker than (4). This is of course of some usefulness only if one
is able to compare a priori the second Chern number of E with its slope.
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Remark 4.3. As pointed out in [Miy91], according to [Mar77, Mar78], if we fix the
base spaceX , the rank r, c1 and c2, the isomorphism classes of stable vector bundles
are parametrized by a finite dimensional quasi-projective variety and, in particular,
the possibilities of higher Chern classes are finite. Nevertheless, it would be quite
useful for Riemann–Roch type computations to find natural inequalities between
higher Chern classes of a (semi)stable vector bundle [Miy91, Problem 4.1]. Unfortu-
nately, the methods presented in this note cannot be straightforwardly adapted to
find such inequalities. The reason is that in Lemma 3.4 nothing can be said about
the boundedness of higher elementary symmetric polynomials once only the first is
supposed to be constant. One could be then led to consider “higher order Hermite–
Einstein metrics”, i.e. hermitian metrics h on E such that for some ℓ = 1, . . . , n the
γk(ϑ
E
h /ω)’s are constant for 1 ≤ k ≤ ℓ. Let us say that such a metric h is ℓ-Hermite–
Einstein with respect to ω (with this definition, thanks to Proposition 3.1, (E, h) is
Hermite–Einstein with respect to ω if and only if it is 1-Hermite–Einstein). In our
opinion, this may definitely be worth to be investigated, especially in connection
with recent developments in the theory of Hessian equations on compact Ka¨hler
manifolds (see for instance, juste to cite a few, [B lo05, Hou09, Lu13]).
Remark 4.4. When E = TX and ω is a Ka¨hler–Einstein metric on X , then the
Guggenheimer–Yau inequality states(
n c1(X,ω)
2 − (2n+ 2) c2(X,ω)
)
∧ λTX c1(X,ω)
n−2 ≤ 0,
if λTX 6= 0, and c2(X,ω) ∧ ω
n−2 ≥ 0, if λTX = 0. This stronger Kobayashi–
Lu¨bke type inequality relies on the additional symmetries, in the specific case of
the tangent bundle, that the curvature tensor acquires whenever computed starting
from a Ka¨hler metric. It seems to us that it is not possible to derive such an
inequality with our methods, since it is not clear how to take advantage of these
further symmetries just looking at the curvature of the tautological bundle on the
projectivized bundle of lines of TX .
Remark 4.5. It is tempting to apply the same kind of techniques on other fiber
bundles, such as Grassmannian bundle or, more generally, flag bundles associated
to E. This would possibly give other inequalities on Chern classes of E, as well
as —in the spirit of Guler’s theorem mentioned in the introduction— positivity
of more general combinations of Chern classes beside the signed Segre forms, in
the case of a Griffiths positive vector bundle. This issue will be addressed in a
forthcoming paper.
References
[B lo05] Zbigniew B locki. Weak solutions to the complex Hessian equation. Ann. Inst. Fourier
(Grenoble), 55(5):1735–1756, 2005.
[Chi89] E. M. Chirka. Complex analytic sets, volume 46 of Mathematics and its Applications
(Soviet Series). Kluwer Academic Publishers Group, Dordrecht, 1989. Translated from
the Russian by R. A. M. Hoksbergen.
[Dem] Jean-Pierre Demailly. Complex analytic and differential geometry. Available on line at
the URL http://www-fourier.ujf-grenoble.fr/ demailly/manuscripts/agbook.pdf.
[Don85] S. K. Donaldson. Anti self-dual Yang-Mills connections over complex algebraic surfaces
and stable vector bundles. Proc. London Math. Soc. (3), 50(1):1–26, 1985.
[FL83] William Fulton and Robert Lazarsfeld. Positive polynomials for ample vector bundles.
Ann. of Math. (2), 118(1):35–60, 1983.
[Gul12] Dincer Guler. On Segre forms of positive vector bundles. Canad. Math. Bull., 55(1):108–
113, 2012.
[Hou09] Zuoliang Hou. Complex Hessian equation on Ka¨hler manifold. Int. Math. Res. Not.
IMRN, (16):3098–3111, 2009.
[Kob87] Shoshichi Kobayashi. Differential geometry of complex vector bundles, volume 15 of Pub-
lications of the Mathematical Society of Japan. Princeton University Press, Princeton,
NJ; Iwanami Shoten, Tokyo, 1987. Kanoˆ Memorial Lectures, 5.
14 SIMONE DIVERIO
[Lu13] Hoang Chinh Lu. Viscosity solutions to complex Hessian equations. J. Funct. Anal.,
264(6):1355–1379, 2013.
[Mar77] Masaki Maruyama. Moduli of stable sheaves. I. J. Math. Kyoto Univ., 17(1):91–126,
1977.
[Mar78] Masaki Maruyama. Moduli of stable sheaves. II. J. Math. Kyoto Univ., 18(3):557–614,
1978.
[Miy91] Yoichi Miyaoka. Theme and variations—inequalities between Chern numbers [transla-
tion of Suˆgaku 41 (1989), no. 3, 193–207; MR1073358 (91j:14003)]. Sugaku Expositions,
4(2):157–176, 1991. Sugaku Expositions.
[Mou04] Christophe Mourougane. Computations of Bott-Chern classes on P(E). Duke Math. J.,
124(2):389–420, 2004.
Simone Diverio, CNRS, Institut de Mathe´matiques de Jussieu–Paris Rive Gauche,
UMR7586, Sorbonne Universite´s, UPMC Univ Paris 06, Univ Paris Diderot, Sorbonne
Paris Cite´, F-75005, Paris, France.
Current address: Laboratorio Fibonacci, UMI 3483, Centro di Ricerca Matematica Ennio de
Giorgi, Collegio Puteano, Scuola Normale Superiore, Piazza dei Cavalieri 3, I-56100 PISA.
E-mail address: simone.diverio@imj-prg.fr
